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Abstract 

In this letter we show that the restricted star-triangle relation introduced 
by Bazhanov and Baxter can be obtained either from the star-triangle relation 
of chiral Potts model or from the star-square relation which is proposed by 
Kashaev et al and give a response of the guess which is suggested by Bazhanov 
and Baxter in Ref. [Hi. 
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1 Introduction 



Recently much progress has been made in the three-dimensional integrable lattice 
models. Bazhanov and Baxter generalized the trigonometric Zamolodchikov model 
with two states [|^ to the case of the arbitrary states P, |^ . The star-star relation 
and the star-square relation of this model are discussed in detail [|, ||, |^. Boose 
and Mangazeev et al enlarge the integrable lattice model in three dimensions to 
the case where the weight functions are parameterized in terms of elliptic functions 
1^, 1^. Just as the Yang-Baxter equations or the star-triangle relations play a 
central role in the theory of two-dimensional integrable models, the tetrahedron 
relations replace the Yang-Baxter equations as the commutativity conditions for 
the three-dimensional lattice models. And the restricted star-triangle relations of 
the cubic lattice model introduced by Bazhanov and Baxter have the following form: 



^ w{v2,a-l) 
^ w{vi,-lMb,l) 



wiv'^, -b)w{v2/ (uJVi), a) 
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where ifi and (f2 are scalar functions and 
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uj = exp{2TTi/N), uj^^'^ = exp{iiT / N) , 'j{a,b) = u' 
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Eq. (|I]) and Eq. (|^) can be changed each other. Bazhanov and Baxter point out 
that it is quite possible that Eq. is a particular case of a more general relation 
and 7 is just a limiting value of a more complex function. The purpose of this letter 
is to give a response of it. In Sec. 2 the star-triangle relation of Baxter-Bazhanov 
model is obtained either from the star-triangle relation of the chiral Potts model or 
from the star-square relation introduced by Kashaev et al. In Sec. 3, the result is 
changed into the form of Eqs. (|l|) and (H). It should be note that the last relation 
in Eqs. is different from the original one. The detail will be given also in Sec. 3. 



2 



2 The Star- Triangle Relation of Baxter-Bazhanov 
Model 



As is well-known, the star-triangle relation of the chiral Potts model can be formu- 
lated as 



N 



J2 Wg/im - l)w^r^{n - l)w^f{l -k) = RpqrW^f{n - m)w^/'{m - k)w^/'{n - k) (7) 
1=1 

where 

^ " dpbg - apCgU^ w^qjn) ^ uapdg - dpttgU^ 

Wpq^{0) jJlbpdq - CpaqUJ^' W^q^ (0) Cpbq - bpCqUJ^ 

a^ + k'b^ = kd^, k'a^ + b^ = kc^, k^ + k'^ = l. (9) 

w{x,y,z\l) = l[^L^, x^ + y^ = z^ (10) 

z — xu^ 

Wpg{n) = w{Lj~^Cpbq, dpttg, bpCg\n) (11) 

and define the map R as 

R : (ap,bp, Cp, dp) — > {bp,Ljap,dp,Cp). (12) 
When we set Qp = dr = 0, the following relations are obtained: 



and 
Let 



By taking account of the star-triangle equation (0) of chiral Potts model we get 

WpR{r){n-l) _^ WpR(^g){n - m)wn-i{q)r{k - n) ^^^^ 
^ Wgr{l — m)wpg{k — I) ^''^ Wpr{k — m) 

with ttp = dr = where R'pg^ is a scalar function. This is just the star-triangle 
equation of Baxter-Bazhanov model. If we set = = 0, similarly we have 

y WpR(r){n + l) ^ ^, WpR(g){n - m)wgR(r){n - k) ^^^^ 

f^l WR{q)R{r) {m + l)Wpq{k + I) WR(p)R(^r) {m - k) 
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where R'pqT is also a scalar function. Both of the above two equations can be changed 
into the form of Eqs. (|l|) and (@). It will be discussed in Sec. 3. Now we give 
the connection between Eq. (|1^) and the star-square relation in Baxter-Bazhanov 
model. Let 

W{X, y, Z\l) = {y/zyw{x/z\l), $(a - b) = ^{-b){N+a-b)/2 ^ ^^g) 

As the version of Kashaev et al, the star-square relation can be written as @] 

f w{xi,yi,zi\a + (T)w{x2,y2,Z2\b + (t) \ 

I atzM ^(^3, 1/3, Zslc + a)w{x4, ?/4, Z^d + Cr) J ^ 

_ {x2yi/xiZ2Y{xiy2/x2Ziy{z3/y3Y{z4,/y4Y 

^ w{uJX3X4,ZiZ2/xiX2Z3Z4\c + d — a — b) ^^g^ 

^(ifiM - «)^(ifiic - ^)^(lf||c - «)«^(ifliM - ' 

where the subscript "0" after the curly brackets indicates that the 1. h. s. of 
the above equation is normalized to unity at zero exterior spins and the constraint 
condition yiy2Z3Z4/ {ziZ2y3y4) = ui should be imposed owing to spin a e Zjv but r. 
h. s. of the above equation is independent of cr. Set 
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= Z4. 







(20) 



By considering the "inversion" relation ||^, |^ 

^ w{x,y,z\k,l) 1-z/x 

2^ —f r, T = Ndi^mz (21) 

j^^^ w[x,y,ujz\k,m) 1 — z^^/x" 

where Si^m is the Kronecker symbol on we get the equation (^) from the star- 
square relation (p^. Eq. (17) can be obtained similarly. 



3 Discussion 

Firstly, Eq. (16) can be changed into the form of Eq. (P and Eq. (|^) by using the 
notations 

Cpbq bqCf . . dpttq a / \ ^ ^ dqCly 
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v[ = ^, v', = '-^, AK) = ^4^' ^(^2) = ^, (22) 

dqbr Opdq dqOr Opdq 



A( 



V2 io^^'^dpa. 



' UJVi Cph 



and 



I _ dqbr I _ bpdq A / / \ _ ^q^^r Af^iM — ^P^^ 



(23) 



p<^q 



respectively, with dphr = cu^^'^Cpar- and v'^ {i = 1,2,3,4) satisfy Eqs. (5) and (6). 
Here we show that the last relation in Eq. (5) is correct and this relation is different 
from the one in Ref. [^. Eq. (17) can be also changed into Eq. (1) by setting 



= -M2_ ^2 = A{vi) = fp^" , A(V2) = 



V2 , dph 



pUj, 



UVi bpdr 

with Cpbr = oj^^'^dpttr. Similarly Eq. (2) can be obtained easily from Eq. (17). In 
fact, each of the relations (16), (17) is a corollary of another by taking account of 
the "inversion" relation (21). 

As a conclusion, in this letter we get the star-triangle relation of the Baxter- 
Bazhanov model from the star-triangle relation of the chiral Potts model and give 
a response to the guess proposed by Bazhanov and Baxter. And the connection is 
found between the star-triangle relation and the star-square relation in the Baxter- 
Bazhanov model. 
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